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Numerical results of a t heo re t i ca l  i n v e s t i g a t i o n  are 
p r e s e n t e d  to provide informa tion a h o u t  the ef feck of 
v a r i a t i o n  of the differest: design and operating parameters 
on r a d i a l  i r ~ f  low t w b i r . e  performance. The  a f f e c t s  of 
v a r i a t i o n s  i,n the  Inass flow rate, rotor t i p  Mach n d n h e r ,  
inlet flow angles, number of r o t o r  blsc les  and huls to 
shroud raciius r a t i o ,  or, t r f~e internal fluid d y n a n ~ i c s  o f  
t u r b i n e  ro.tors, was i r l v e s k i g a t e d .  A procedura  to estimate 
the flow d e v i a t i o n  angles at the t u r b i n e  e s i t  is a l s o  
p re sen ted  u ~ d  used to csamine the influence of t h e  
opera. t ing c o n d i  tions and the rotor gaoruetriccll configuration 
on these  d e v i a t i o n s .  T h e  significance of the r e s u l t s  
o b t a i n e d  are d i s c u s s e d  w i t h  r e spec t  to imnproved t u r b i n e  
pe r  Eormance . 
INTF.ODL?CTION 
The b e n e f i t s  of using small  r a d i a l  in f low tur l l ines  in ccln- 
j u n c t i o n  w i t h  automotive and aerollautical i r ~ d u s  t r ies  have b e e n  
discussed by many a u t h o r s  [l, 21.  Boundary layer s e p a r a t i o n ,  
secondary Elorv effects ancl heat t r ans f e r  problems w i t h i n  the 
flaw chanrlels of these machines are esamples of f a c t o r s  wb ich  
impose a l i m i t  on t h e i r  e f f i c i e n c y .  These f ac to r s  cou ld  kt-. 
c o n t r o l l e d  by aeroclyt~amic design nlethads based upon d e t a i l e d  
knowledge of t!le flow he11avi.or w i t h i n  the different passages 
of the t u r b i n e .  B o t h  t heo re t i ca l  and esperimelltcll i n v e s t i g s  t i o n s  
of flow conditions that r e s u l t  from var ious  &s ign  con f iqu ra -  
t i o n s  and o p s r a t i n g  parameters are c o ~ s i d c r s d  necessary to 
d e v e l o p  this knowledge.  
In the p r e s e n t  work a theoretical s t u d y ,  wh ich  makes use 
of r e c e n t  advances i n  computational fluid mechanics, is 
presented. The o b j e c t  is to imprcve o u r  understani! ing of t h e  
i n t e r n a l  f l u i d  dynamics of radial i.nf 10x1~ t u r h i n e  ro to rs  under 
d i f f e r e n t  o p e r a t i n g  c o n ~ i i t i o n s .  A. s i n g l e  stage r~ t t r r  hav ing  
a p r e s s u r e  r a t i o  of 3 . 0  to 1 is used as a rr~odsl i n  t h i s  s t u d y .  
The ef fec t s  of v a r i a t i o n s  i n  the following design and operatinu 
parameters upon the rotor per formancc are i n v e s t i g a t e d :  
a .  T u r b i n e  Elow r a t e  
b. Rotor tip P!ach num5er  
c .  N u r r h r  of r o t o r  b lades  
d .  Inlet f low angles  to the roto,r 
e .  Flub to s l ~ r o u d  r a d i u s  r a t i o .  
The flow field analysis procedurz ant! the computer  prcgran 
employed, to test t h e  e f f z c t  of the d i f f e r e r ~ t  pa r ame te r s ,  are 
i d e n t i c a l  to that prasen t ed  in Ref. [ 3 ]  . Sasicallt_r, the 
procedure is based upon the solution of the velocity gradient 
equation along an asbitr3ry quasi-orthogon.21 in the  rneri- 
d i o n a l  p lane .  From t h i s  xericiional flow s o l u t i o r ~  the b l a d e  
surface  ~ ~ e L o c i t i e s  are obtained acco rd ing  t~7 t!lz IW:!;OC? 
p r e s e n t e d  in R e f .  [ 4 ] .  The f ac to r s  w h i c h  govern the se l&c t ion  
of this procedure have been  discussecl  in Ref .  [ 5  1 . The 
assumptions made in R e f .  [ 3 ]  yield to a s o l u t i o n  of t he  flew 
f i e l d  which g ive  good results o n l y  for the velocity distribution 
w i t h i n  the blacle c h a n n e l s ,  away from turbine e s i t .  
Due to the peculiarity of t!le rnethocl of analysis of 
R e f .  [ 3 1  i n  d e t e c t i n g  the r ea l  flor*; behavior  at t u r b i n e  e x i t ,  
an analytical model is developed in Part 2 of this s t u d y .  
The model offers a procedure whereby t h e  f low deviation from 
blade s u r f a c e  at t u r b i n e  e x i t  is e s t i m a t e d .  The  model is 
based on the analytical s o l u t i o r ~  of the governing equatic- - 
of two dimensional i r r o t a t i o n a l  mot ion  of f l o w  between h l a d e s  
with some s i i a p l i f y i n g  a s s u m p t i o n s ,  The solution obta ined  
allows also for the c a l c u l a t i o n  of f l o w  paramehers a t  t u r h i n e  
exit i n  a q u a n t k t a t i v e  manner, wi'ch a more realistic dependence 
on t h e  geometrical c o n f i g u r a t i o n  and  o p e r a t i n g  conditions . 
I t  is hoped t h a t  the r e su l t s  of the parametric s t u d y  presented 
i n  Part 1, together w i t h  the a p p l i c a t i o n  of t h e  proposed model, 
y i e l d  an j.mproved design procedure for the r a d i a l  t u r h i n c .  
PART I - FLOW ANALYSIS WITTIIN BLADE PASSAGES 
General  
The de t a i l ed  knowledge of the f1ot.r behavior t h r o u g h  t u r b o -  
machines can be achieved through a field a n a l v s i s  of t h e  
unsteady, rotational, three dimensional viscous flow. One 
appraach v:ould be t o  attempt the s o l u t i o n  of t h e  complete Savier  
S tokes  equations. Clear ly ,  such s o l u t i o n  i s  o u t  af reach now 
and i n  t h e  immediate future. PA a l t e r n a t i v e  approach which 
has been w i d e l y  used i s  t o  assume t h a t  a two layer model is  
r e p r e s e n t a t i v e ,  i . e .  an i n v i s c i d  f l o w  solution which i n t e r a c t s  
with a n  end w a l l  bounda ry  layer so luh: ion .  
Three di-mensional  i n v i s c i d  f l ~ w  analyses usually i n v o l v e  a 
combinat ion  of s e v e r a l  two-dfrnensiol~al solutions on i n t e r s a c t i r g  
families of stream surfaces [ 5 ] .  Nost two-d imens iona l  
solutions are e i t h e r  on a blade-to-blade s u r f a c e  of revolution o r  
on t h e  mid-channel stream surface between tim hlacles (Fiq. 1) . 
I n  t h e  f o l l o w i n g  s t u d y ,  t h e  i n t e r n a l  f l u i d  d y n a ~ i c s  of 
t u r b i n e  rotors are investigated under  d i f f e r e n t  operating 
c o n d i t i o n s .  The v i s c o u s  effects axe neglected. The s o l . u t i o n  to 
the e q u a t i o n s  of inviscid flow on t h e  mid-channel surface ins 
obta ined  using t h e  quas i -or thogona l  method [3]. This solution 
is termed here the "merlidional flow soluti.on". Using t h i s  
solution, the blade  surface ve loc i t i e s  are obta ined .  
Meridional  Flow S o l u t i o n  
The flow field a n a l y s i s  procedure p re sen ted  i n  Ref .  I31, 
and employed here to study t h e  flow behavior  in t h e  meridional  
p l a n e  of turbine rotors, i s  based on the s . t reamline cu rva tu re  
method. In t h i s  method, t h e  v e l o c i t y  g r a d i e n t  e q u a t i o n  
a long  a quasi-orthogonal is i n t e g r a t e d  numerically to z a l c u l a t e  
the distribution of flow properties. T h e  govern ing  equation 
f o r  the  v e l u c i  ty gra.cl ient  is g i v e n  as folloi$rs : 
The coordinate  system and t h e  n o t a t i o n s  a r e  shown i n  F i g u r e  2 .  
The n u m e r i c a l  s o l u t i o n  to e q u a t i o n  (1) is  assumed t o  be 
v a l i d  for the mean stream s u r f a c e  which ester.6.s f rom huh to 
s h r o u d .  T h i s  mean flow s u r f a c e  is considered to be parallel 
to t h e  msan blacls s u r f a c e .  Empi r ica l  c o r r e c t i o n s  are made t o  
take i n t o  account the difference between the a c t u a l  flow a n g l e  
and the blade a n g l e  at inlet to t h e  rotor. No p r o v i s i o ~ : ~  
have been r epor t ed  in R e f .  [ 3 1  to take care of t h i s  d i f f e r e n c e  
at the t u r b i n e  e x i t .  In view of this fact, it is felt t h a t  
it is q u i t e  m e m i n g f v l  to s t u d y  the mechanism which causes t h e  
flcw d e v i a t i o n  from blade  sur:?at:e, a t  t u r b i n e  e s i t ,  on a 
r i g ~ r o u s  basis, I n  the second par. t  of the p r o s e n t  s t u d y ,  R 
c a l c u l a t i o n  procedure w i l l  be ctevolopacl t o  p r e d i c t  these florlr 
d e v i a t i o n s  so t h a t  a p p r o p r i a t e  measures may be taken t n  
improve t h e  flow c a l c u l a t i o n s .  
Blade to l3lade Solution 
In order to render a r a t i o n a l  judgement w i t h  regard  to 
the effect of variatioa of the d i f f e r e l ~ t  design parameters 
apon t h e  perforniance of the t u r t i n o  rotor, knoc~ lcdgs  of t h e  
v e l o c i t y  d i s t r i b u t i o n  over the ro t s r  blades is necessary.  
Wi th  the v e l o c ~ k i e s  on the mean stream surface c a i c u l a t e d  
according t o  e q u a t i o n s  (1) and ( 2 )  , t h e  blade surface velo-  
c i t i e s  can be obtained by several methods. One that gives 
good resul ts ,  when compared w i t h  t h e  relaxation s o l u t i o ~ ~  of 
tbe p o t e n t i a l  flow e q u a t i o n ,  i s  g i v e n  by S t a a n t ~ z  4 .  IIis 
metl~od is based on a b s o l u t e  irrotational flow and linear 
v e l o c i t y  distribution between b lades .  The Eol lowinq 
aquat ians  aased on these assumptions a re  u s e d ,  h e r e i n ,  to 
obta:n r h e  required b l ade  s u r f a c e  v e l o c i t i e s .  
and 
I n  these equations, the velocity f.7 and  the f low angle  6 are 
t hose  obta inec!  from t h e  rnaridior.al f l a w  solution. The s u b s c r i p t s  
II t f  and 'pt '  refer to the s u c t i o ~  and t h e  pressure  surfaces, 
r e s p e c t i v e l y .  
Conditions of the S o l ~ l t i o n  
- 7.
Tile Elotv behavior w i t h i n  t h e  c h a n n e l s  of a r a d i a l  i n f l c w  
t u r b i n e  rotor is inves t iga ted  wtder d i f fe ren t  operating c o n d i k i o n s .  
The s o l u t i o n s  which will be p r e s e n t e d  are intended to  show the 
effects upon t h e  r o t o r  porfnrm~ulce of variations in tho 
Eollovring parameters : 
1. T u r b i n e  flow rate 
3. Rotor t i p  Mach nurnher 
3. Number of ro to r  b lades  
4 .  I n l e t  Elow angles  to the rotor.  
The ro tor  considered i n  t h i s  studv has a hub-shroud p r o f i l e  
in the meridional. p l a n e  sittlilar to that shown ln Figure 3a. 
Table  1 summarizes t h e  ranges over  w h i c h  tile d i f f e r e n t  para- 
meters are va r i ed .  The s t anda rd  solution presented in the Table 
corresponds to the following estimated o p e r a t i n g  c o n d i t i o n s  
( d e s i g n  point of the t u r b i n e )  : 
T u r b i n e  i n l e t  t o k a l  pressure, P t 2  = 4 2 . 5  I b / i n  2 
T u r b i n e  inlet t o t a l  kemperature, T t2  = 2710°1? 
Turbine pressure r a t i o  = 3 . 0  
Rota t iona l  speed, r .p .m.  = 79,800 r . p . m *  
Turb ine  mass flow rate, Q = 0.932 lb/sec 
Stator nozzle e x i t  flow a n g l e ,  a2 = 73.0 degrees 
( i n l e t  t o  t h e  r o to r )  
Working f l u i d  = A i r  
Other d e s i g n  p o i n t  c o n d i t i o n s  needed fa r  t h e  anal i l s i s  were 
d e t e r m i n e d  theoseticallg f rom t h e  p rev ious  data, and are g i v e n  
as fo l lows :  
The ang le  between r e l a t i v e  v e l o c i t y  vec to r  
and its merid iona l  component a t  rotor 
i n l e t ,  B 2  = - 4 0 . 9 1  degrees 
.Tksolute f l u i d  v e l c c i t y  at rotor inlet, V, = 1575 f t / s ec  
E q u i v a l e n t  w e i g h t  flow, (Q\G/~) 
P r e w h i r l  at the rotor i n l e t ,  Va r2 = 34G.98 f t2 / sec  
Additional drop  in total pressole acrcss = 2 . 5  1bii .n  2 
the t u r b i n e  r o t o r  due to losses 
In order  to o b t a i n  the reference conditions for the d i f f e r e n t  
operating cases of Table 1, a computer program is developed, 
The program requires as an input the s t a t o r  and rotor geometries, 
the mass flow rate, t h e  r o t a t i o n a l  speed, and the t o t a l  
c o n d i t i o n s  to the turbine, It calculates, through an i t e r a t i v e  
procedure u s i n g  a one d i m e n s i o n a l  analysis, t h e  absolute f l u i d  
velocity, V 2 ,  t h e  a n g l e  B 2 ,  and t h e  prewhirl a t  the r o t o r  
i n l e t ,  V o  r2. These ialues are used as i n p u t  d a t a  f o r  t h e  
computer 2prograrn of Ref.  [ 3 1  . A sample input to the program, 
f o r  the t u r b i n e  under cans ide ra t ion  at the d e s i g n  p o i n t ,  is 
given in T a b l e  2. The  v e l o c i t y  diagrams at: each mesh node 
(corresponding t c  t h e  i i l t e r sec t ion  of quasi-orthocjonals with 
streamlines), i n  the m e r i d i o n a l  plane, a re  also shown i n  
Figures 3b and 3c for the design point conditions. 
For all cases studied and summarized i n  Tahle I, the 
impeller passage is  d i v i d e d  into e leven  stream t u b e s ,  The 
i n l e t  total pressure and t e m p e r a t u r e  are kept constant at 
v a l u e s  of 4 2 . 5  i b / i n 2  and 2 7 1 0 P R ,  respectively. 
PRESEI.1TATION OF RESULTS P,ND DISCCSSIONS 
Two groups of numerical results are  considered in t h i s  
s e c t i o n ,  The first= 0r.e d e a l s  wi t11  t h e  f l o w  d i s t r i b u t i o n  i n  
t he  meridional plane of the t ~ r h i i ~ e  rotar. The s e c o ~ d  g r o u p  
investigatzs the ef Eect of v a r i a t i c n  o f  d i f f e r e n t  parameters 
upon t h ~  v e l o c i t y  d i s t r i b u t i o n  over t h e  r a t o r  b l a d e s .  
b ler idlonal  (Hub-Shroud) R e s u l t s  
The d i s  t r i . b u t i o n  of s treamliccs , l i n e s  of constant r e l a t i v e  
velocity and i s o b a r s  contours i n  t h e  m e r i d i o n a l  plane are 
cons idered .  The s o l u t i o n s  to be p r e s e n t e d  are se lec ted  to 
correspond to the cases 1, 4 ,  6 ,  12, 14 and 3 of Table 1. 
a. - S t r e a m l i n e s :  The  pr,:>jection of t h e  mean s u r f  ace 
streamlines on t h e  m e r i d i o n 3 1  plane f o r  t h e  d i f f e r e n t  cases 
studied are shown i n  Figure 4 .  The streamlines are d e s i g n a t e d  
by a s t r e a m - f u n c t i o n  ratio such that the va lue  of the streamlice 
i n d i c a t e s  t h e  percentage of the flow t h r o u ~ h  t h e  t~1rbir.e !?e t~ t*c r?n  
t h e  strearnliR2 an< the r o t o r  hub. The stre3rr l inc spacing is, 
t h e r e f o r e ,  indicative of the v e l o c i t y  rclativc to t h e  r o t o r ,  
with close spacing i n d i c a t i n g  high velocities and wi2e s ~ n c i n c  
i n d i c a t i n g  Low v e l o c i t i e s ,  It is obvious  that t!lc c e n e r a l  
t r e n d  o f  t he  a t r o a m l i n e  d i s t r i b u t i o n  is t h e  sene for a l l  
cases s t u d i a 2 .  
b. b I e r i d i o ~ a l  d i s t r i b u t i o n :  L i n e s  of c c n s t a n t  
r e l a t i v e  v a l o c i t y  to the r o t o r  are. shown i n  F l g c ~ c !  5 .  For thc  
desi.gn c o n d i t i o n  corrcsponC!ing t o  t h c  s ta : ldard  so lu? . ion  of 
Table  1, t h e  rate of acca lc ra t ic ln  a long  t!le shrouc!  is ssen to 
be inuch h i g h e r  than  t h a t  aLo!~g the !lub (case no, 1). S u c h  
behavior  is sim.ilar  to that oZ f l ~ w  a p p r o a c h i n g  a t u r n i n g  d u c t .  
3s esgcczcd, t h i s  ra te  of acca la ra t ion  a long  the  s i~ rouc !  is 
observed to incrcasc w i t h  t!le inc rease  of mass flow rake, 
cases 1, 6 a ~ d  1 2 )  , 
C s a n l i r ~ a t i o ~ ~  of I ? i p u r e  5 ind ica tes  t h a t  a l t h o u q h  tr!?i. ~.::nalus 
c r o s s - s c o t i c ~ a l  a:(-a of the r o t o r  increases  by 7 3 9  from i n l e t  
to e x i t ,  t>.c v e l a c i t y  increases genera l ly  a11 over t h e  chanr-.el. 
T h i s  phenomenon may be a t t r i b u t e d  to t h e  r a p i d  decrease of 
d e n s i t y  a l o n g  t h e  flow p a t h  as nay be  revenLed from F i g u r e  8 .  
A long  the hub,  and e s p e c i ~ l l y  near t h e  r o t o r  t i p ,  regions 
of decelerated flow are observed for a l l  cases s t u d i e 3 .  T h e  
e s t e n t  of these rc9icr.s and  the ve1ocit.y r jrnc?ian"l thrcuqh 
each give a11 indication of t h e  bour:c?asy l a y e r  hc!~a\*ior .  ?his  
of c o u r s z  h a s  se r ious  efEscts  or. the  r o t o r  .afficiency. 7.s a 
genera l  rule, it is obsarved t h a t  fo r  khe  caszs  of 1 ~ 1 i  mass 
flow the n s g a t i v e  v e l o c i t y  gradient a l o n g  t h e  hub i s  S O  h i ~ h  
th+t regions of reversed flow do sslst, as shctcn  i n  cas? no. 12. 
T h i s  trroulcl r e s u l t  in a h i g h  l e v e l  of t u r h u l t l n c o  rq i th  
acco~~pany i r -g  flow s e p a r a t i o n  and n i s i n g  l o s se s .  
The p r s s e n t  r e s u l t s  have i ~ p ~ r t a n t  ~ i ~ ~ n i f i c a n c e  on t h e  
precess of cha i lne l  29s i g n  f o r  a r a d i  31 t-,urSi:*.~, F a r  ticul;.,:-14. 
when t ! ~ e  r o t o r  i s  o p e r a t a d  at h i g h  s p e c i f i c  speeds. Tn sue?, 
cases,  he jzlet-to-esit r a d i u s  r a t ~ s  ? f  t h e  ro to r  is s ~ a l l ,  
moreover, t h e  c u r v a t u r e  of t h e  hub i s  l a rge  to turn t h e  flow 
from r a d i a l  t o  a x i a l  direction. Thus a ca re fu l  des ign  o f  t h e  
ratcr ancl f l oc ipa th  i s  required t o  prevent flow selparation 
from the hue. 
Blade Surf ace Veloc i ty  D i s  t r i b u t i ~ n  
The v e l o c i t y  d i s t r i b u t i o n s  over the ro tor  blades are 
c o n s i d e r e d  in what fol lows.  The examples which are presented ,  
i l l u s t r a t e  t h e  effect of changing t h e  nunher of blades, the 
mass flow rate and the impeller tip Mach number on these 
velocity d i s t r i b u t i o n s .  This  i s  followcd by an i n v e s t i g a t i o n  
of the e f f ec t  of chancing the stator ex i t  angles upon t h e  
performance ch7.racteri.s t i c s  of t h e  r o to r .  
Effect of Changing N u m b e r  of Blades:  
Flow analyses for the 10 and 14 bladed rotors, desc r ibed  
i n  Table 1, were also performed. F i g u r e s  7 and 8 compare the 
calculated blade  surface velocity d i s t r i b u t i o n s  f o r  these 
r o t o r s  w i t h  t h e  d i s t r i b u t i o n  of t he  b a s i c  12 bladed ro to r .  
A t t h e  des ign  p o i n t  (standard s o l u t i o n )  the velocity d i s t r i b u t i o n  
sholrs some d i f f u s i o n  o n  t h e  suction s i d e  of t h e  blades 
e s p e c i a l l y  a t  t u r b i n e  exit near the s h r o u d  (Fig. 7 )  and a t  t h e  
middle channel near  t h e  hub ( k i y .  8 ) .  The r o t o r  has  a l so  a 
leading edge s e p a r a t i o n  and flow reversal over the pressu re  
surLzce near the hub and between the nondimensional  d i s t ance  
r'rom t i p  (Lrn /m)  of 0 . 4  and 0 . 7  n e a r  t h e  s h r o u d .  
Examinat ion of Figures 7 and 8 show clearly t h a t  an 
increase in the number of r o t o r  blades i s  accompanied by a 
r e d u c t i o n  i n  blade load ing .  This e f f e c t  i s  expec ted  s i n c e  t h e  
increase i n  number of blades reduce thc b l ade  passage e f f e c t i - ~ e  
area through which t h e  flow passes ,  giving more gu idance  t o  
t h e  flow. The l a s t  f i g u r e s  a l s o  indicate that reducing t h e  
nurrber of blades result i n  an increase i n  t h e  l o c a l  diffusion 
as w e l l  as the extent of t h e  f low reversal r e g i o n s .  
I t  i s  a common practice t o  consider the pressure sur face  
reve r sa l  regions as well as the s u c t i o n  su r face  d i f f u s i o n  as 
t h e  governing pararnetsrs for  r o t o r  l o s s e s .  Therefore, the 
i m p l i c a t i o n  of t h e  p r ev ious  ca lcula ted v e l o c i t y  d i s t r i b u t i o n  
is t h a t  a reduction of thz number of ro tor  bli,des is 
accon~pani.ed by n loss of t u r b i n e  e f f i c i e n c y .  Flor~ever, one 
s h o u l d  take into account that there ought  t o  be an optimum 
f o r  the t o t a l  nunber of b:acies. T h i s  cptimurn c o u l d  be d e f i n e d  
by weighing t h e  apposing effec t  of increased f r i c t i o n  losses 
with (or aga ins t )  b e n e f i t s  gained by reducing the flow reversal 
region a s  a consequence of i n c r e a s i n g  t h e  number of b lades .  
E f f e c t  of Mass Flow Fats:  
The e f f e c t  of v a r i a t i o n  of mass flow r a t e  upon the blade 
surface ve loc i t i es  is illustraked i n  F i g u r e s  9 and  10. In 
these  f i g u r a s ,  a l l  design anc1 operating conditions (other tfzan 
the mass .Elow) were main ta ined  cons t a n t  a t  %he s t a n d a r d  
value,  (Tab Le 1) . 
F i g u r e  9 shows the c a l c u l a t e d  v e l o c i t y  distributions 
a long  the rotor 11uh at both the sccti.cn and the F-ressure 
s u r f a c e s .  It i s  evident from t h i s  figure t h a t  t h e  b l a d e  
load ing*  increases as the mass E l o r v  passing t h r o u g l ~  the turbine 
increases.  Near t h e  t u r b i n e  e x i t  s ec t ion  t h e  increase in 
blade loading with mass flow r e s u l t s  p r i m a r i l y  from an i nc rease  
i n  velocity along the suc.tioz1 surface. 
F i g u r e  10 sl~ows t h e  calculated velocity d i s t r i b u t i o n s  along 
t!le shroud of the rotor. At low inass f low the z o t o r  tip element: 
is operated at an incidence angle above the & s i g n  value and 
beyond t h e  s t a l l  c o n d i t i o n s  as ev idenced  by t h e  n e g a t i v e  load ing  
near the t i p  f o r  tile 806  mass f3cw c a s e .  Tha calcula ted  
n e g a t i v e  v e l o c i t y  (in reversed flow r e g i o n s )  at the. rotor 
pressure surface is noticed to be almost the same for a l l  
mass f low s t u d i e d  (reaching a rna:iimum around 350 f t / sec)  . On 
the other hand, the e x t e n t  of the region which the re\rcrsed 
f lotv occupies  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  mass flow rate. 
A s  for d i f f u s i o n  along the suction side, a r e l a t i v e l y  low 
v a l u e  i s  ob t a ined  for the case c o r r e s p o n 2 i n g  to  low mass f l o ~ ~ r .  
* Loading i s  d e f i n e d  here  as  the difference between khe s u c t i o n  
su r face  v e l o c i t y  and the p r e s s u r e  s ~ u f a c a  v e l o c i t y .  
The kurbi.11~ rotor has  o n l y  510 Et/soc d i f f u s i o r ~  at a nrass flow 
rate of 00% of t h o  des ign  v a l u e  comparccl to 680 Et/sec f o r  
n 100% mass Elow r a t e ,  On the w;lole, it  could be recognized 
front tha l a s t  f i g u r e s  that the largest; variation of impcl1.c.r 
pcrfoun\anca wi+A mass flow occurred near the blade t i p  r eg ie r~s  , 
t l ~ u s  i .ndicntring tho c r i t i c a l i t y  of das ign  i n  these areas. 
T h i s  result: has  impor t an t  impact on t h e  process of blaze 
design for impellers, particularly when the design procedure 
is based on s p e c i f y i r ~ g  t h e  b l a d e  s u r f a c e  velocity d i . s t r i b u t i o n .  
The present: r e s u l t s  i n d i c a t e  t h a t  wl~cn h i g h  losses a r e  
cspecksd near t h e  i n l e t ,  the Loading due .to b l a d s  t u r n i n g  s!~cruld 
be s n l s z l l  since s u b s t a n t i a l  losses 1~i.11 occur due t:o r a p i d l y  
d e c e l e r a t i n g  flow near t h e  rotor t i p ,  
E f f e c t  of luotor T i p  b!ach Number :  
The r e l a t i ve  \ r e l o c i t y  distributions alo:lg "LC prcssure and 
s u c t i o n  su r face  of the  ro to r  blades,  for different r o t o r  t i p  
filach n u n h e r s  are shown i n  lt ' igures 11 a n d  1 2 .  In t h e s e  E i g u r c s  
a l l  t h e  das ign ancl ope ra t ing  c o n d i t i o n s  o t l ~ e r  t h a n  t h e  r o t a t i ona l  
speed of tho ro to r  ware maintained c o n s t a n t  (see T a h l e  1). 
B a s i c a l l y ,  these  f i g u r e s  i n d i c a t e  t h a t  a r e l a t i v e l y  h i g h  
l o a d i n g  is i n i t i a l l y  formed n e a r  t h e  rokor tip on bo th  hub  
and sh roud  for low tip &!sc11 nu?\bers .  011 the other I ~ a t ~ d ,  as 
tip PIach n ~ u t b e r s  are increased,  t h e  loacli l~g naar the il:~pelltl~: 
e s i t  is observed to illcrease. T h e  a~!di l r i~ l~clL load i i l j  nea r  
t h e  rator t i p  m a y  bc atfrri5~1sed to the f a c t  that- the  r o t o r  
is opera ted  at 3 r o l a t i v a  inlet flow angle nhove i t s  das ig t ?  
v a l u e  when t h e  rotat ior la1 speed is varied. These rcsul-ts 
dsmot~stcatr;  once more tile sensitivity of t h e  t ~ u h i i ~ e  rotor 
performance to t h e  v a r i a t i o n  i n  i n l e t  flow a n g l e s .  
As 3 general r u l e ,  it was o b s e r v ~ d  at r.p.m. t h a t  thc 
v e l o c i t y  distri.buticrn is severely i 1 i s t n ~ - t e d .  Nat anLy  t h ~  flow 
is reversad over a cor:s idar~ble portion of tllc pressure surfaces, 
but the decel.cration al~lzg t h c  suction surfact-? is large anc? 
w i l ?  l ead  c e r t a i n l y  to Elow separa t ien.  T h e  present r c s u l t s  
sllows that h i g h  losses are expected t'lssr t;he turhir~e inlct, 
when the turSii le  ope ra ta s  below the ciesign r . p . r . ~ .  
Ef fec.k of V a r i a b l e  S t a t o r  Anqla on T u r b i n e  Perfonnnnco:  - -
In t h e  preceding discuos ions ,  it has  been don~oi l s t r a tnd  that: 
t h e  f l u i d  dynamic  cha rac t e r i s t i c s  of t u r b i n e  rotors are highly 
sensitive to the variation in inlet El .ow a n g l e s .  It is felt, 
therefore,  that a d e t a i l e d  s t u d y  o f  t h e  e f f e c t  of changirbg 
the s t a t o r  e s i  t angles upon t h e  performance cha rac t e r i s  t ics  
of the t u r b i n e  w i l l  h e l p  to create a genera l  w ~ d e r s t a n d i n g  
of the phenomena of rotor-stator i n t e r a c t i o n  i n  r a d i a l  
nlachi.nes . 
Three B i f f s r e n t  stator c o n f i g u r a t i o n s  are considered her= 
to i nve s t i ga t e  t h e  e f f e c t  of s t a t a r  esit:  angles upon the mass 
f l o w  charac t e r i s  t ics  o E t h e  t u r b i n e  rotor. The meri.6i.ona.l 
flow f i e l d  a n a l y s i s  cE Table  2 is repeaked ly  performed under 
di f f e ren t  o p e r a  k i n g  conditions of the rotor Ear each stator 
e s i t  angle* F i g u r e  1 3  shows the v a r i a t i o n  i n  c q u i v n l e n t  f l o w ,  
QV%'/§, w i t h  rotational sgzed and pressure  r a t i o ,  Pt2/p3,  
across  re tor ,  for s t a t o r  a x i t  angles  of G O 0 ,  73O and 
80 * r e s p e c t i v e l y .  I n  drawing these c h a r a c t e r i s k i c s ,  the static 
p r e s s u r e ,  pj, a t  esit from the r o t o r  i s  evaluated an  a mass- 
averaged  basis. 
F i g u r e  13 indicates that at pressure r a t i o  above 3 and 
r o t a t i a i ~ a l  speeds below 60% of d e s i g n  val.ue, t h e  turbine is 
choked w i t h  a l i m i t i n g  f l o w  of 0.527 Ib/sec Eor the 7 3 '  s t a t o r  
e s i t  angle.  .st a11 o the r  conclitions, for t h e  same s t a . t o r  @sit 
a n g l e ,  weight flow dscreases r a p i d l y  w i t h  increasing speed, 
i n d i c a t i n g  the impact of c e n t r i f u g a l  e f f e c t  upon t h e  t u r b i n e  
rotor performance. I t  may be noted also that s l i g h t  changes 
i n  pressure ratio havc a l a r g e  e f f e c t  on w e i g h t  flow a t  all 
r o t a t i o n a l  speeds. 
Comparison of t h e  three s e t s  of curves  of Figure 13 ,  
which curl-espond to d i f f e r e n k  stator esit angles ,  shows c le~u-  l y  
t h e  large influence of stator esit a n g l e s  upon the choking 
cond i t ions  i n  the radial mach ine .  As a mat t s r  of fact, the 
- .  
c h o k i n g  mass flow i s  reduced by about n t h i r d  when t h e  sta",r 
e s i t  ar-igles are reduced  from 80'  to G 3 O  a t  a r o t a t i o n a l  speed  
of 1 0 0 %  of t h e  d s s i g n  v a l u e .  
PART I1 - FLDFJ Df STRII3UTION AT TUHBXNE ROTOR EXIT 
Experience has shown thak  t he  shape  ~ l n d  t h e  g c o m e t r i c a l  
configuration oi thc turbine e s i t  s e c t i o n  has  a s e r i o u s  e f f e c t  on 
its performance [ G I .  I t  has been conunon practice t o  design 
turbine rotors such t h a t  t h e  flow leaves the machine i n  an 
a s i a l  d i r e c t i o n ,  The exit sectj .cn of t h e  r o t o r  i s  o f t e n  
designed under the assumption t h a t  the relative flow leaves 
the blade tangent t o  i t s  trailing edge.  I n  f a c t ,  t h e  r e l a t i v e  
esit E l o w  nnylo, B 3 '  a t  each r a d i u s  of t h e  turbine exit, 
usually d e v i a t e s  from the corresponding geometrical ex i t  a n g l e ,  
@gf 
(Fig .  14). Such deviation rpay be a t t r i b u t e d  primarily 
t o  the secondary flow ef f e c k s  caused by the r e l a t i v e  swirl 
m o t i o n  w i t h i n  t h e  var ious  S l n d e  passages due t o  t h e  i m p e l l e r  
rokat ion ,  as  shown i n  F i g u r e  1 5 .  An approach which  h a s  heen 
used t o  determine these d e v i a t i o n  angles is hased upon the use  
of an empi r i ca l  fo rmula  [ 7 1 ,  As new d e s i g n  concepts are 
developed, a need f o r  a more comprehensivt;  and r i g o r o u s  method 
of p r e d i c t i n g  the d e v i a t i o n  angles  i s  needed. This  s t e p  is 
critical i n  the  design process since excessive flow angle 
d e v i a t i o n s  may r e s u l t  in f low separation w i t h  t h e  s~II>sequcnt 
drop i n  t h e  e f f i c i e n c y  of the expansion process. 
I n  the following study, an a n a l y t i c a l  model which predicts 
t he  magnitude o f  swirl velocity behind the r o t o r  of a radial. 
i n f l o w  turbine i s  proposed.  The model  i s  based on t h e  a n a l y t i c a l  
s o l u t i o n  of t h e  governing e q u a t i o n s  OF two dimensional  
i r r o t a t i o n a l  f l o w  between blades wi th  some s impl i fy ing  
assumptions. The effects of v a s i a t i o ~ ~ s  i n t h e  followitt~ design 
parameters of t h e  i m p e l l e r  upon the s w i r l  v e l o c i t y  d i s  t r i l s u t i o n  
are  also i n v e s t i g a t e d :  
a.  H u b  t o  s l ~ o u d  radius r a t i o  
b. Circumferential s p a c i n g  be tween blades 
c .  T m p e l l s r  r o t a t i o n a l  speed 
d .  Turbine f low r a t e .  
From t h e  a n a l y t i c a l  s o l u t i o n  ob ta ined ,  along w i t h  a p p r o p r i a t e  
assumptiorls  concern ing  t h e  b lade  shapes, d e v i a t i o n  ~ n g l e s  a t  
r o t o r  esit are calculated. I n  t h i s  contest, t h e  flow a n g l e  
d i s t r i b u t i o l ~  in tangon t i a l  d i r e c t i o n ,  along t h e  turbine es i  t 
s e c t i o n  is p r e s e n t e d  f o r  the ro tor  of F i g u r e  3 8  under  v a r i c u s  
ope ra t ing  c o l ~ d i  t ions .  F i n a l l y ,  possible improve r . \ e l~ t s  i n  Plow 
n o n u n i f o r m i t y  by tneal-ls of d e s i g n  changes u s i n g  the results of 
the preson t me tl-iod a n a l y s i s  are i n d i c a t e d .  
lle t l ~ o d  o f  Approach 
The method of approach taken here is t o  construct a 
c a l c u l a t i a n a l  procedure for  a n a l y z i n g  the Elow concl i  t ians  a t  
the rotor e s i t .  The al~alytical 1nodc1 devs lapad fo r  t h a t  reason 
is based upon the a n a l y s i s  01 two d i m e n s i o n a l  flow between 
blades on t h e  flow s u r f a c ~  of revolution, Sm, of Figure 16. 
A deve lcped  view of t h e  flow stream c h a n n e l ,  Sm, of thickness, h, 
in tlie m e r i d i o i l a l  p l a n e ,  toqather w i t h  the coordinate sys tem 
usad in L h e  ana lys i s  axe a l s o  s l~own in the same f i g u r e .  T l ~ e  
flow f i e l d  a n a l y s i s  procedure employed t o  d e r i v e  t h e  necessary 
govern ing  eq~ ia t ions  usecl in the prescnt s t u d y  is i d e ! ~ C i c n l  to 
t h a t  p r e s e n t e d  in R e f .  [ 8  I . The variations in t h e  E1ot.1 
p r o p e r t i e s  between b lades  on t h e  flow surface of L - E ~ ? O ~ L I . ~ ~ O I ' ~ ,  
Sn,r is o b t a i n e d  through the s o l u ? - i o n  of the governing 
equations by t h e  rnctl~od of s e p u - a t i o n  of variC&1es. T11c 
solution obtained wi l l .  be usnd to predict the influc~~ce of 
the chosen blade shapc  (or boundary condit~ons) upon t h e  
relat i l re v s l o c i t y  and 1:!1,2 flow angle d i s t r i b u l r i o n  al: e s i t  
f rom the t u r b i n e  ro to r .  ;, 
Govorn inq  Equati.011~ 
a .  C c l n k i n u i t v :  
From c o n t i ~ z u i t y  cons i c l e sa t id i~s  f o r  a steady compressible 
flow t h r o u g h  th- stream tube  zf F i g u r e  16, t h e  f o l l o w i n g  
e s p r e s s . i ~ ; ~  is ob ta ined :  
A nondimensional stream f u n c t i o n ,  9, satisf ies  the c o n t i n u i t y  
E q u a t i o n  (5) if def ined  as 
where 
b. Rela t ive  I r ro ,kakiona l  Motion 
In the absence of shocks and v i s cous  eEEects, the ahsolu te  
motion of the f l u i d  on the surface of: r e v o l u t i o n ,  Em, is 
i r ro ta? . iona l .  Therefore t h e  r e l a t i v e  circulation is zero.  
S u b s t i t u t i o n  of the strsam f u n c t i o n ,  $, as defined by E q u a t i o n  
(5a) and (5b )  i r z  the above e q u a t i o n  gives 
where 
E q u a t i o n  ( 7 )  i s  a n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  
nond imens iona l  stream-f u n c t i o n  d i s t r i b u t i o n  o f  two-dimensignal 
flow p a s t  a r b i t r a r y  blade sllapes. For given boundary c o n d i t i o n s ,  
equation ( 7 )  cou ld  be so lved  u s i n g  n u m e r i c a l  t e c h n i q u e s  to o!ytain 
the v e l o c i t y  Eiclcl between b l a d e s  [9 I .  Bas ica l ly ,  t hese  nun~ericnl 
s o l u t i o n s  r equ i re  a large amount of computat ion t i m .  T h c x e f ~ r e ,  
it wauld be advantageous to l ~ a v c  q u i c k e r  11zea1-is, based on some 
s i n ~ p l i f y i n g  assumptions, for es t i m a k i n g  t h e  Elow cond i t ions  
between blades. With this m o k i v a t i a n ,  a matl~amatical s o l u t i o i ~  
to the g o v e r n i n g  equa t ion  is collsidered i n  the n e x t  sec t i on .  
Assumpt ions  and Limitations for t h e  Analytical So1~1ti.011 
To s i m p l i f y  the t a s k  of f i n d i ~ g  an a n a l y t i c a l  s o l u t i o l ~  to 
eq~ati.011 ( 7 )  , the fol lat . r ing ass~unpt ions  have beet1 maze : 
a .  The flow through t h e  passage between blades is 
considered to be incompressikle. 
b. The passage h e i g h t  in t h e  me r id iona l  p l a n e  is 
constarlk w i t h  radius, hence H = 1. 
c. The rotating i lnpel ler  has  s tlradgllt radial b lades .  
d .  V a r i a t i o r ~  of a:cisyrm,tctric stream sur face  angle, a ,  
with r a d i u s  i s  neglected. Consequentiy, the flow 
surface  of r e v o l u t i o n  is con ica l ,  and s is cons t an t .  
Endel: t h e  s t i p u l a t i o n  oE the foregoing ,  equat ion ( 7 )  is s i ~ n p l i f i e d  
to g i v e  
2 3 s i n a  > $  2 = sin& ---?- + -- i- 1 3 3 %  - 
3 R- I? ' ~ 3  R- s i n a  2 e  2 
a l s o ,  e y u z t i o n s  (5a) and {Sb) reduce to 
Equa t i c ln  (Sa) is s P o i s s o n  e q u a t i o r ~  and i t s  s o l u t i o n  is given  l y r  
the rnet!lod D E  s e p a r a t i o n  c?f valr inis lcs  3 s :  
where 1;' in t h e  abu~*c eqc;l",ic;\ s a t i s f i e s  Laplace e c l u a t i o n ,  the11  
S u b s t i t u t i n g  for $ '  in equat ion 18)  one ob ta ins :  
S i m i l a r l y ,  s u b s t i t u t i n g  for R2 ( R )  in equat ion  (8) one o b t a i n s :  
Therefore, the espressiorls given bv equa t ion  (10) sat is f ies  khe 
governing e q u a t i o n  (8) prov id ing  the following r e l a t i ons  are 
s a t i s f i e d :  
d Z ~ L  dR1 
R ~ - + R -  dl? + x 2 2 = o 
d ~ "  s i n  a 
where X = c o n s t a n t ,  t o  be determined from 22owtdary c o n d i t i o n s .  
A f t e r  s o l v i n g  the s a t  of t h e  above given o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s ,  t h e  genera l  s o l u t i o n  of the stream f u n c t i o n  & is 
as follows: 
where  A l ,  A*, C1, C2,  Dl, and r? are constcants of i n t e g r a t i o r ,  to 2 
be determined from boundary c o n d i t i o n s  . 
Once the v a l u e  of 3 is deduced from e q u a t i o n  (12) , the 
complete analysis of t h e  theoretical velocity d i s t r i l 2u t ion  in 
t h e  rotating impeller channe l  is ob ta ined  u s ing  e q u a t i o n  (8b) . 
If the angular spac ing  between two successive b lades  is denoted 
by 20, and the radius r a t i o  of t he  hub (= ehub/rshroud ) as rl. 
The boundary c o n d i t i o n s  to equation ( 1 2 )  i n  t h e  special case 
of a pure  radial t u r b i n e ,  for which the  b l a d e  blade s t r e a m  
sur face  is s i m i l a r  to t h a t  g iven  in Figure l G C ,  may be w r i t t e n  
2 .  $ =  0 at K = 1 (corresponding to shroud r a d i u s )  
3 .  I$ = 0 a t  R = rl 
4 .  $1 ( 0 )  = - 3  ( 0 )  at ally r ad ius  r a t i o .  
The Eirskbooundary c o n d i t i c n  g ives  : 
The second boundary c o n d i t i o n  r a s u l t s  i n :  
(For Laplace  e q u a t i o n )  
- D2 - - 1 (Fox Poisson equzt ion)  2 s i n a  
Vihile the t h i r d  'uoimi!ary condition g i v e s  : 
X = n-T s i n a  2n r, 
- 
.L 
D l - - -  Z & n  r s i n u  1 
(For Laplace e q u a t i o n )  
(FOX P o i s s o n  e q u a t i o n )  
Hsnce, the e x p r e s s t c n  Eclr 3 ,  u s i n g  t h e  st lpcrposi  tion pr inc i .~ ! - t . ,  
r e d u c s s  to 
03 
r C ' "  Ln R n7 s ins  [Pn sin ( n ~  in rl ) cosh (-? 2. n r 2 1  
11=1 1 

Various operating conditions may be obtained by a l i n e a r  corn- 
b i n a t i x  of s o l u t i o n s  (16) and (17). T h i s  procedure is valid 
by the linearity of Laplace equa t ion  and t h e  fact t h a t  each 
sol i l t ion  separa te l y  satisEics its own boundzry condition. 
ESTLblATION OF THE RELATIVE SW1P.L VELOCITY DISTPfRUTIObl 
Shown i n  Fig, 1 7  i s  the blade exit configuration i n  a typical 
t u r b i n e .  The geometrical blade  ang l e  (B ) is r e l a t e d  to the 
9 
minimum width  of t h e  flow passage at blade  e x i t  to) and the blade 
p i t c h  (t) a t  c e r t a i n  r a d i u s  by t h e  r e l a t i o n  
-1 
Bg 
= s i n  (o/t) 
In t h e  a b s e ~ c e  of secondary  f l o w  caused by s w i r l  mot ion ,  t h e  
relative f low at the blade exit would  have a d i r e c t i o n  of B . CJ 
When t h e  effect of r e l a t i v e  swirl velocity, u , i s  considered, 
the  r e l a t i v e  e x i t  flow angle, B 3 ,  at each radius of  the  t u r b i n e  
deviates from t h e  corresponding geometrical a n g l e ,  f i g .  A t  t h e  
sh roud ,  swirl motion e x h i b i t s  backward characteristics becs.use 
t h e  f l u i d  actually leaves w i t h  a s l i g h t  backward component, 
as i l l u s t r a t e d  in Fig. 1Sz.. At the hub,  the r e l a t i v e  s w i r l  
motion produces a forward c h a r a c t e r i s t i c s  as shown i n  F i g .  18b. 
The impor t an t  e f f e c t ,  from the prac t ica l  p o i n t  of view, is that 
the t z n g e n t i a l  component of the absolute v e l a c i t y ,  C 3 8  is 
altered across the rotor ex i t  in accorsance wit? the s w i r l  
velocity d i s t r i b u t i o n .  Consequent ly  , zadially nonuniform exit 
flow c o n d i t i o n s  prevail w i t h  the subsequent redistribution of 
available power output at each r s d i u s  of the turbine e x i t .  
I n  o rder  to o b t a i n  an accurate  estimation of t he  n e t  power 
output from a turbine for design purposes, a knowledge of t h e  
r e l a t i v e  swirl v e l o c i t y  d i s t r i b u t i o n  at rotor e x i t  is r e q u i r e d .  
The task of produc ing  the necessary equat ion  s u i t a b l 2  f u r  the 
p r e d i c t i o n  of relative s w i r l  velocity i s  presented below. 
R e f e r r i n g  to F i g u r e  18, the t a n g e n t i a l  component of swirl 
v e l o c i t y  is given by: 
From t h e  e x p r e s s i o n  given by equations (8b), (16) and (19), 
t h e  va lue  of t h e  n o n d i m e n s i o n n l  tangential. component: of swirl 
v e l o c i t y ,  V,, a t  any radius, R, w i l l  be: 
L 
1 ,I1 -1 U' 
,Y- 
r X  AlnR cosh ( 1 8 )  
2 ~ . ' t n r ~  ' ~ ~ s i n c l  os [- 
n= l s m t )  c o s h ( i o )  
T h e  theoretical d i s t r i b u t i o n  of (Us) as g i v e n  hy  equation 
( 2 0 )  is Sean to d e p e ~ d  p r i m a r i l y  upoc klie  f o l l owing  paran;ctcss: 
1. Number o f  blades. 
2 .  ilub t o  shr-oild radius ratio, rl. -. 
3 .  The r a d i u s  ( R )  and p~sition ) at ~ ~ h i c h  s w i r l  v e l o c i t y  
is e v a l u a t e d .  
4. A s i s y m e t r i c  stream s u r f a c e  angle, ,a, i n d e p e n d e n t  of 
the  turbine flovr r a t e .  
V a r i a t i o n  of LT w i t h  these  parameters will be s t u d i e d  i n  t ! ~ e  
s 
n e s t  s s c t i o n ,  for the s p e c i a l  case of a raskal i ~ f l o r . :  t u r b i l ~ e  
in h7h i c : ~  , a = a / ?  . 
Ztvo groups of n u m e r i c a l  examples are worked ou t  u s i n g  t h e  
present method s f  a n a l y s i s ,  The f i r s t  one i n v e s t i g a t e s  the 
e f fec t  of nunber of blader; and hub-to-shroud radius ratio on 
the  swirl v e l o c i t y  d i s t r i b u t i o n  a t  k u r b i n e  e x i t .  The second 
group Beals w i t h  t h e  i n f l u e n c z  of the same parameters i n  
addi-Lion to t h e  e f f e c t  o f  mass flow r a t e  and the impeller 
r o t a t i o n a l  speed on t h e  f lot? ang l e  df s t x i b u t i o n  a t  ro to r  
e x i t ,  
Passage-Wveragecl Value of Stuir l  V e l o c i t v  Eistribution a% 
T u r b i n e  E s i . t  
Calculations which give a n  indication of t he  magnitude of 
the t a n g e n t i a l  component of swirl v e l o c i t y ,  Us,  a t  t u r b i n e  e s i t  
are performed using t h e  f i r s t  t e n  terms of t h e  se r ies  i n  
equation ( 2 0 ) .  Higher order terms have been neglec ted .  Sample 
r e su l t s  showed t h a t  the m a s i m u m  error in t roduce8  by such 
appra:cimations l i e  w i t h i n  0.2% as compared w i t h  t h o s e  c a l c u l a t e d  
u s i n g  up to fifty terms. The va lue  of Cs from blade- to -b lade  
a t  d i f f e r e n t  a n g u l a r  positions, 9, are  averaged over the blaze 
passage at each radius  ratio, R ,  The v a r i a t i o n  of t h i s  average 
- 
value, Us, near the hub i s  plotted i n  Figure 19 as f u n c t i o n  of 
hub to sh roud  r a d i u s  r a t i o ,  rl, w i t h  khs nunher: of i m p e l l e r  
b l a d e s ,  E , as a parameter. n h s o l u t c  value of t h e  swirl. v e l o c i t y ,  
- 
Us, is seen to decrease considerably as the number cf blades 
is increased  for a l l  values  of rl. These c u r v e s  a l s o  indicate 
t h a t  for a g i v e n  nul lher  of blades, 3 i n c r e a s i n g  t h e  hub t o  
shrouii radius r a t i o ,  increases the absolute v a l u e  of u n t i l .  
S 
a maximum is reached. The p o i n t s  of maxima are shifted t o w a r d s  
lower values of r as t h e  number  of blades decreases. 1 
F i g u r e  2 0  shows t h e  variation of fi near  t h e  s h r n u d .  
S 
Unl ike  t h e  p rev ious  case, it is o b v i o ~ ~ s  t h a t  'or a cjiven number 
- 
of b lades .  there e x i s t s  a region 0 5  relatively c o n s t a n t  Ys, 
a n d  a r e g i o n  of changing . The r e g i o n  oi constancy e x t e n d s  
S 
over a la rge  p o r t i o n  of radius ratio rl, and its e x t e n t  i nc reases  
as t h e  number cf blades  i n c r e a s e s .  Accord ing ly ,  a r e d u c t i o n  
i n  t h e  absolute value of is at the shroud is achieved only by 
s e l e c t i n g  h i g h e r  design values of hub-to-shroud r a d i u s  r a t i o .  
The e f f e c t  of  v a r i a t i o n  of b o t h  the hub-to-shroud r a d i u s  
r a t i o ,  rl, and t h e  angular  s p a c i n g  between b l a d e s ,  u, upon 
t h e  s w i r l  velocity d i s t r i b u t i o n  a t  turbine exit i s  i l l u s t r a t e d  
i n  F i g u r e s  2 1  through 2 3 .  
F igure  21 shows the  radial d i s t r i b u t i o n  of t h e  mean v a l u e  
of 8, over t h e  e x i t  section of t h e  bladed impeller hav ing  
different d e s i g n  values of rl. I t  i s  evident  from t h i s  
f i g u r e  that t h e  hub-to-shroud radius r a t i o  has  a s e r i o u s  
sf feet on the fiS d i s t r i b u t i o n .  For low values of rl, the 
distribution obta ined  is n o n l i n e a r  from hub t o  mid r a d i u s  
approximately. However, the d i s t r i b u t i o n  becomes genera l ly  
l i n e a r  from hub t o  shroud a s  t h e  r a d i u s  ratio approaches  0 . 7 .  
Figure 2 1  a l s o  shows t h 3 t  the center of r o t a t i o n  of the swirl 
motion in an impel le r  having rl equa l  t o  0 . 2  occurs at R = 0.735, 
and f o r  a 0 . 7  radius ratio impe l l e r  a t  0 . 8 4 5 .  T h i s  indicates 
that t h e  r a d i u s  of r o t a t i o n  of f l u i d  decreases a s  the hub 
t o  shroud r a d i u s  r a t i o  of the i m p e l l e r  decreases. 
The effect of changing t h e  angular blade spac ing ,  2 0 ,  
(by varying the number of b lades)  on the radia l  distribution 
of fiS is shown for the case of a 6 and a LO bladed impel le r  
i n  Figures 2 2  and 2 3  r e s p e c t i v e l y .  The variation of cs w i t h  R 
e x k i b i t s  the  same trends as discussed for  Figure 21.  However, 
- 
t h e  magnitude of s w i r l  v e l o c i t y ,  Us, i s  decreased by increasing 
the number of blades. 
The impact of  i n c r e a s i n g  t h e  number of b lades ,  FI, upon the 
position of center of r o t a t i o n  of f l u i d  at t u r b i n e  ex i t  
i s  also shown i n  Figure 23. I t  is ev iden t  from these 
f i g u r e s  t h a t  t h e  center of rotation s h i f t s  towards the shroud 
as t h e  number of  blades is increased. 
Flow hncjle D i s t r i b u t i o n  at Rotor Exit 
- 
In s t u d y i n g  the e f f e c t  of stv ir l  v e l o c i t y ,  Us, upon the 
raLativc o x i t  E i ~ w  angle, 3 3 ,  from t he  t u r b i n e  rotor, bo th  t h e  
flow coeff ic ient ,  4 ,  and tlte geometrical angle  distribution, 
%' at t u r b i n e  e x i t  have to be known. The flow c o e f f i c i e n t  
i s  r e l a t ed  to the meridional corr'~ponen.t of abso lu te  v e l o c i t y ,  
Cj , o f  F i g u r e  18 by 
j 4 = 
"shroud 
and is d i r e c t l y  p r o p o r t i o n a l  to the flaw rate passing throucjh 
the r o t o r .  Represen ta t ive  v a l u e s  of (P used in the p r e s e n t  
s t u d y  are  chosen to correspond to the C a s e s  1, 2, 3. 7, 8 
g i v e n  in Table 1. The relation between i m p e l l e r  e x i t  radius 
and geon~etr ic  e x i t  angles  used to carry  out t h e  necessary 
c a l c u l a t i o n s  is shown i n  F igu re  2 4 ,  
Sample results showing the i n f l u e n c e  of swirl v e l o c i t y  
upon the d i s h - i b ~ t i o n  of r e l a t i v e  e s i t  flow a11gles a re  shown 
in Figures 25 and 2 6 .  These f i g u r e s  i n d i c a t e  clearly t h a t  
t h e  flaw loses the  d i rec t iona l .  i n f l u e n c e  of t h e  blade surface  
for a f i n i t e  number of blades.  
For a given impeller geometry, t h e  difference hetween 6 )  and 6 
B depends upon the relat j .ve magnitude of the mzss flow ra te  and t h e  
impeller  r o t a t i o n a l  speed.  These r e s u l t s  i n d i c a t e  t h a t  f o r  
high s p e c i f i c  speed, r a t o r s ,  as in the case of small r a d i a l  
* 
t u r b i n e ,  large dev ia t ion  angles  can occur even for s i zab l e  
values of t h e  flow r a t e .  
* Deviat ion ang le s  a r e  d e f i n e d  here as the fiifference between 
r e l a t i v e  e x i t  flow angle, 8 3 ,  and thc corresponding geonletrical 
a n g l e  ( A  = B -13 ) 
3 5T 
For a l l  cases s t u d i e d ,  a positive d e v i a t i o n  o f  flow angles 
over the geometrical angles are observed near hub, while the 
flow near the tip tends t o  have l o c a l l y  negative deviation 
angles. Thi s  i m p l i e s  that nea r  t h e  hub,  s e p a r a t i o n  of flow 
i s  liable t o  o c c u r  at blade s u c t i o n  surface, on the other hand 
near t h e  i m p e l l e r  tip s e p a r a t i o n  may take place at blade 
pressure surface. Thi s  c o n c l u s i o n  conforms w i t h  t he  esperi- 
mental work p r e s e n t e d  i n  reference [ l o ] ,  
The effect of i n c r e a s i n g  t h e  number of blades i s  t o  
decrease t h e  predicted deviation a t  a11 r a d i i ,  F i g ,  2 6 .  The 
p o s i t i o n  of masirnum dev ia t ion  i s  seen t o  occur near  hub fo r  
low mass f low, whi le  i t  s h i f t s  towards t h e  shrou,d f o r  high 
mass flow rates,  Fig, 25. 
B r i e f l y ,  it may be concluded that t h e  e f f ec t  of s w i r l  
- 
v e l o c i t y ,  
"s 
is t o  p roduce  a non-symmetrical d e v i a t i o n  a n g l z s  
d i s t r i b u t i o n  a t  r o t o r  exit. The d e v i a t i o n  angles a t  a l l  r ad i i  
may be reduced by increasing the flow ra te ,  decreasing t h e  
i m p e l l e r  r o t a t i o n a l  speed, decreasing t h e  a n g u l a r  blade spacing 
and choosing an optimum hub-to-shroud radius ratio. 
It is obvious that in order  to overcome t h e  adverse 
effects of non-uniform flow conditions at turbine e x i t ,  
procedures with which the ef fec ts  of appropriate counte r -  
measures c a n  be e s t i m a t e d  must be available. I t  i s  f e l t  that 
with the presen t  t h e o r e t i c a l  model such e s t i m a t i o n  can  be 
adequately accomplished. 
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A 1 t A 2  f A ~ ~ f  '1 Cons t a n k s  of i n t e g r a t i o n  i n  e q u a t i o n s  (11) and ( 1 4 )  . 
C 2 f  D1'D2 
C Absolute fluid v e l o c i t y ,  f t /sec .  
Stream c h a n n e l  khickiless  normal t o  mer id iona l  s t r e a m  
s u r f a c e ,  f t .  , or  s t a t i c  en t .ha lpy ,  ft. lb,/f;lug 
Normalized s tream-channel thickness d e f i n e d  a s  h/h, 
Distance a long  m e r i d i o n a l  stream surface, Lt. 
Normal ized  mer id iona l  stream line d i s  t m c e  Z e f i n e d  
as m / r s  
Thr@ak dimension, f t .  
Total pressure, l b / i n  2 
PIass flow passing tlirough the t~u l -b ine ,  Ib/sec. 
Radius from a s i s  o f  r o t a t i o n ,  ft. 
Normalized radius r a t i o ,  defined as r/rs 
Distance a long  a r b i t r a r y  quasi-or t h o g o n a l  i n  mer id ionaX 
plane 
Blade t P . i c k n e s s  in t a n g e n t i a l  d i r e c t i o n  
Tangential c o n ~ p o t ~ e n t  of swirl velocity, f t /sec .  
Normalized tangen t i a L  component of f l u i d  relative 
v e l o c i t y ,  d e f i n e d  as Iq /wr e s 
Normal ized  t a n g e n t i a l  component  crf swirl v e l o c i t y ,  
defined as u /wrS 
Normalizes meridional compoi~ent  of f l u i d  r e l a t i v e  
v e l o c i t y  , d e f i ~ l e d  as IVnl/$r 
S 
F l u i d  v e l o c i t y  r e l a t i v e  to b l a d e ,  f t / s e c .  
P r e r o t a t i r n  il? q u a t i o n  (1) , f t 2 / s c c .  
Axial c o o r d i n a t e  
Z Number of b l a d e s  
a1gl.e hetwoen rnoridional skrearn l i n e  and asis of 
r o t a t i o n ,  dog. 
Angle between r e l a t i v e  v e l o c i t y  vector and n ~ e r i d i o n a l  
p l a n e ,  r a d i a n s  
C i r c u l a t i o n  
Ratio oE t u r b i n e  i n l e t  total p r e s s u ~ r e  to akn~oephese p r e s s u  
Relat ive a n g u l a r  coordinate ,  deg. 
Coefficient in equatiw (11) 
Mass d e n s i t y ,  slugs/cu.ft. 
Flow coe f f i c i en t  at ro to r  e s i t ,  d e f i n e d  as Cjm/ors 
Norlnalized st ream f u n c t i o n  
P e n s i t y ,  I b I E t  3 
Angular blade  spac ing  d e f i n e d  as (27r/2) 
w R o k a t i o n a l  spced of the impeller, rad/sec. 
S u b s c r i p t s  
2 I n l e t  to rotor 
E s i  t f ram rotor 
T o t  c l l  c o ~ ~ d i t i o n s  
Geometrical 
Shroud 
a , r , m , s  Contponents of argument in t a n g e n t i a l ,  radial, 
m e r i d i o n a l ,  and asial d i r e c t i o n s ,  r e s p e c t i v e l y .  
S u p e r s c r i p t s  
PAFN*ETERS FOR NUMERICPL SOLUTIOIIS 
S o l u t i o n  b10. 05 
blades 
t,Tozzle angle  Mass flow rate R o t a t i o n a l  speed Rotor i n l e t  P r e w h i r l  Pemarks 
(degree)  ( %  of d e s i g n )  ( %  of d e s i g n )  relative s w i r l  at rotor 
angle ,  B2 i n l e t ,  
fG/sec 
-40 9 1. 3 4 5 . 9 8  Standard 
-40.51 346.98 
- 4 0 . 9 5  346.98 
TZZBU 2 :  INPUT CP-ED LISTIEJG 
- ORIGmAC PAGE LS 
OF PO013 g u m  
a) I n l e t  Flow Condi t ions  and Rotor Geometry Data: 
b )  Blade Thickness  Table: 
Blade Thickness Table  (Continued) : 
ORIGINAL PAGE SS 
OF POOR QU-1 
Blade  
lade 
FIGURE 1, TWO-DINENS EONAL ANALYSIS SL!P.FACES I P L  
A TIIRSOl!ACl-! I PIE, 
FIGURE 2 ,  COnRDlNATE SYSTErl AflD VELOCITY C0P"IPflrlENTS I 
FLvial clistance, z inch 
0 0 .3  0.6 0 . 9  1 . 2  
A x i a l  S i s k a n c e ,  z inch  
t Numbers  betv16en brackets des igna te  the mesh location, as specified in Fig. 3d. 
FIG, 313, VELOCITY DIAGRAKS (FT/SEC), AT DIFFEPENT KSHES. 
t i\Iuml-,ers hetween b r a c k e t s  designate tlm mesh l o c a t i o n ,  as s p e c i f i e d  in Fig. 3d. 
FIG. 3c.  V E L O ~ I  TY D I  P.GRArS (FT/SEC) , AT CIFEREIIT PESHES. 
QRIGINAIJ PAGE IP 
OF POOR QUALITY 
FI G I 30 MESH COORDIbI/'iTES 
Mesh Radia l  Axial Me s h Rad ia l  Fxial. 
Locat ion Coordinate Coordinate Location Ct.2ordinate Coordinate 
TIf J j  r, inch z , i n c h  [I, IS] I, inch 2 ,  inch 
Case  No. 1 Case No. 4 Case No. 6 
Case No. 12 Case No. 14 Case No. 3 
FIG,  4, STREAFiLIIIE PlSTRIBUTIQ?I It! T I E  F'E?lPEIIT,I!4L PLl\!IE I 
Case No, 1 
800 
G O O  
Case No. 4 
G O O  
1000 
800 
Case N o .  6 
G O O  
Case No.  12 Case No. 14 Case No. 3 
FIG,  5 ,  EIERTDlO!lRL VELOCTTY CISTEEEI!TICIi\I (FT/SEC) 
Case No. I. Case No, 4 Case No. 6 
Case No. 12 rase NO. 14 Case 2Jo. 3 
2 6 0 0  
S u c t i o n  S u r f a c e  + 
2200 - Pressure Surface  - z Y  
1800 - 
1400 - 
No. of Blades 
- 2 0 0  -. 10 --- 
1 4  ----- 
-600 - 
-1noo l  I i I I I 
0 0 .2  0.4 0 . 6  0.8 .1.0 
Hen-Dimensional Distance from Tip, m/m0 
FIGURE 7 .  VELOCITY DISTP.IBUTI0I.I HEAZ SHPOUD. 
Suction Surf ace -0- 
2 2 0 0  P r e s s u r e  Surface 7y 
Non-dimensional distance from t i p ,  m/mo 
. . 
FIGURE 8. VELOCITY DISTFIBUTIOII HEAR HUB, 
S u c t i o n  Surface 
Pressure Surface  --&- 
Percent of 
Weight Flow 
Wox-dimensior,al distance f r a m  t i p ,  m/mo 
Percent of 
Height Flow 
-1000 I I I I I 
0 . 2  0 - 4  0-6 0.8 1.0 
t ion-dimnsinnal  distance from tip, m/mo 
FIG,  10, VELOCITY DISTRIEUTIN! i'!F:AR Sf!PlOllDa 
Suct ion Surface + 
Pressure Surface  -Q- 
1 I I I I 
o 0.2 0.4 0.6 o.e 1-0 




FIGURE 11. VELOCITY DISTRIBUTION HEAR HUG, 
jr - .-, 
I Suct ion  Surface 
Pressure Surface 
00% of Design 
80% of Design 




FIGURE 12, VELOCITY DISTRIBUTION NEAR SHROUD, 
ANGLE 
0 
Pressure P a t i o ,  Pt2/p3 
FIG, 13, EFFECT OF VP,RIABLE STATOR ANGLE Oil TLIP3I;IE PEF?FORI.IAI.ICE, 
k / TANGENT TO BLADE TFAILLNG EDGE 
C _ - A GEOXETRIC BLADE ANGLE 
---O-- REL.4TIVE FXIT FLOW ANGLE 
C 0 . 5  3.0 1.5 2.0 2 . 5  
Impeller o u t l e t  radius ( i n c h e s )  
FIGURE 14, RELATIVE E X I T  FLOW A/IGLE (F3) AND GE0P:ETRICtL EXIT 
ANGLE t (TAKEN FROW REF, 7 )  , 




FIG 1 5 ~  TYPICAL DLSTRLBUTlOll FOP, THE T/',ftGEl-ITTAL C?i'PViE:/T 'F 
EELATIVE SWIRL VELOCITY AT POTOR EXIT, 
FIGURE 1EA 
P,O T ?. 'L1 I O b! 
~MERIDIONAL PLANE 
, MOMEWCLATIJRE OF RELATIVE FLOW 
'- r 
E l a d @ -  to-blade ,' 
s t r e a m  surface d' 
(blade 
s u r f .  
blade 
rev. ) 
- BLADE TO BLADE 
T I P  OR SHROUD # STmAM S77F!FACE, S m 
,- BLADE SUWACE 
BLADE SURFACE -- 
I 
v= 0 
FIG, 16C: BOUNDARY CONDITIONS FOR THE PISPLACEfYEMT FL@W 
(RADIAL TURBINE CASE) , 
Direc t ion  of 
R o t a t i o n  
____LC 
FIGllPIE 17AI GEOP1ETRIC FLADE EXIT AflGLE, 
FIGI'RE 27E, TYPICAL '!ELOCITY DIAGRAM AT 
BLADE E.'IIT (CESIEII PCIZVT), 
FIGURE 18A, EFFECT CF SWIRL VELOCITY PIEAP StlFflL!D, 
FZGUPE 1 ? B I  EFFECT OF S\jITRL \!ELFCITY >lI.I\P Ifl'Bl 
0.1 0 . 2  0.3 0.4 0.5 0.6 0.7 0.9 
rl r /r hub shroud 
FIG. 19. EFFECT OF UESIGIl VARIAELES UPOW SW!PL VELPCITY HE61' HlrR. 
z = Humher of Blades 
0.3 0.4 0.5 0.6 
Z1 = r h u d r  shroud 
FIG, 20, EFFECT OF KSIGI'I VARIABES UPOIJ SWIRL VELQCIN IIEAR SIIPIII1D. 
CENTER OF EOTATIOPI 
IIUFBER OF BLADES = 10 
0 2 0.3 0 . 4  0.5 0 . 6  0.7 0.8 0.9 
Radius R a t i o ,  
r/rs hroud 
FIG. 21. EFFECT OF CIIAIIGIHG TIIE RADll'S PATIO. (rl) 
CEITTER OF ROTATIOII 
1.IUbIBER OF BLADES = 6 
F-adi us R a t i o  , Z'rshroud 
FIG, 22, EFFECT OF CCIA#GI:IG THE RADIUS PATIO., (PI) 
CENTER OF RGTFTLON 
Radius Ratio, r/rShroud 
FIG, 23, EFFECT OF CHP,f.IGl!lG PJt!f%EH OF BLAPES, 
Impel le r  o u t l e t  r a d i u s  ( i . n c h e s )  
bNSS FLOtV 
A 655 D E S I G N  V X t E  
0 809 D E S I G N  VFLLT 
U 100% DESIGN VPJLU1;: 
0.5  1.0 1.5 2 . 0  
Impeller e x i t  r a d i u s  linc!:es) 
FIG, 25,  EFFECT OF CtiAblGi!lG THE ;\ASS FLO1.l FATE fi'l TEE EX IT  A;IGLE 
DTSTRIBUTI O i l ,  
p - - - - - - -  GFObIETPJCAL ANGLE 
DISTPJBCT10K 
I _t 
0 * 5  1.0 1.5 2 . 0  
Impel le r  e x i t  r a d i u s  ( i n c h e s )  
FLG, 26, EFFECT PF Ill'lEF: OF ELArES ?:I f?ElATI\!E E X I T  
C\,?,IGLE 61STFI3UTICI'1, 
